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A B S T R A C T 
The analytical solution to the one-dimensional absorption-conduction heat transfer problem inside a 
single glass pane is presented, which correctly takes into account all the relevant physical phenom-
ena: the appearance of multiple reflections, the spectral distribution of solar radiation, the spectral 
dependence of optical properties, the presence of possible coatings, the non-uniform nature of radia-
tion absorption, and the diffusion of heat by conduction across the glass pane. Additionally to the well 
established and known direct absorptance ae, the derived solution introduces a new spectral quan-
tity called direct absorptance moment /Se, that indicates where in the glass pane is the absorption of 
radiation actually taking place. The theoretical and numerical comparison of the derived solution with 
existing approximate thermal models for the absorption-conduction problem reveals that the latter ones 
work best for low-absorbing uncoated single glass panes, something not necessarily fulfilled by modern 
glazings. 
1. Introduction 
In recent years, the construction of buildings with extensive 
glass facades has increased rapidly. The widespread use of glass as 
facade elements represents a serious challenge for the heating and 
cooling of these buildings, since glazings poorly insulate from the 
cold exterior in wintertime and from the solar radiation in summer-
time. This fact increases the energy consumption of the building, 
its HVAC costs, and its environmental impact. 
To address this problem, advanced glazings and well designed 
glass facades are required, which need to be analyzed a priori 
in order to ensure the low energy consumption of the build-
ing while keeping comfortable thermal conditions in its interior. 
The increasing complexity of the configurations to analyze and 
the increased requirements in energy savings lead to the use of 
advanced simulation tools with growing complexity and accuracy 
in the implemented models and algorithms. 
However, although three-dimensional multi-physics simula-
tions of complex glazings are possible nowadays [1-3], their 
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computational time is too high for applications like annual energy 
consumption studies of individual glazings [4,5] or of whole 
buildings with hundreds or even thousands of glazing units [6]. 
Therefore, accurate and efficient one-dimensional models for com-
plex glazings are still necessary, which are easy and fast to evaluate, 
but still deliver accurate results. 
All one-dimensional center-of-glass energy models for glazings 
are comprised by four main building blocks. The first one deals with 
the outer weather conditions, modeling things like the character-
istics of the incoming radiation [7,8], the exterior temperature and 
wind conditions [9,10], or the ground albedo [11,12]. The second 
one deals with the interaction of the radiation with the glazing, 
usually by solving the multiple reflections problem that arises, to 
determine the fractions of radiation that pass through the glaz-
ing and that are absorbed at the different glass panes of the glazing 
[13-15]. The third one deals with the absorption-conduction prob-
lem that takes place inside each of the glass panes [16-18]. And 
the fourth one deals with the subsequent heat transfer problem 
that arises between the different glass panes and between the glass 
panes and the exterior and interior environments, either through 
natural/forced convection or thermal radiation [19,20]. 
The present work focuses on the third building block: the 
absorption-conduction problem that takes place inside the indi-
vidual glass panes of the glazing. Several physical phenomena need 
to be taken into account to correctly obtain the spatial absorption 
distribution across the glass pane and the resulting temperature 
profile, namely the appearance of multiple reflections, the spectral 
distribution of solar radiation, the spectral dependence of opti-
cal properties, the presence of possible coatings, the non-uniform 
nature of the radiation absorption process itself, and the diffusion 
of heat by conduction across the glass pane. Although all these 
physical phenomena are well known, almost all of the existing 
models for the absorption-conduction problem neglect some of 
them. 
The two most extended simplifications are the constant temper-
ature one [19,21,22] and the uniform absorption one [6,20,23-27]. 
The former neglects the thermal conduction problem inside the 
glass pane, while the latter approximates the non-uniform absorp-
tion of the incoming radiation by a uniform absorption distribution 
across the glass pane. Both simplifications work best for thin and 
low absorbing glass panes, two conditions not necessarily fulfilled 
by modern glazings. Additionally, the localized absorption intro-
duced by applied coatings is not correctly taken into account by 
any of these two models, leading to additional errors [17]. 
In recent years, models for the absorption-conduction problem 
which take into account the non-uniform absorption phenomenon 
are being proposed. However, in their quest for analytical or simple 
expressions, most of them make simplifications in the way radia-
tion is absorbed by the glass pane. The most common one is to 
neglect, completely or in part, the spectral dependence of the opti-
cal properties of the materials and of the spectral distribution of 
the incoming radiation [1-3,18,28-33]. Another common simplifi-
cation is to neglect, completely or in part, the multiple reflections 
phenomenon that arises due to the presence of multiple mate-
rial interfaces [1-3,28-33]. Only Rosenfeld [16] solves analytically 
the complete absorption-conduction problem with all the relevant 
physical phenomena. However, his approach is very much focused 
on the determination of the so-called secondary heat transfer factor 
towards the inside [21,22], and is therefore not well suited for its 
inclusion in advanced simulation tools like WINDOW [23], VISION 
[24], or EnergyPlus [6], or in future revisions of the international 
standard ISO 15099 [20]. 
In the present work the one-dimensional absorption-
conduction problem with all the relevant physical phenom-
ena is also solved. However, the present approach leads to two 
algebraic equations which are easy to interpret, fast to solve, and 
can directly be implemented into existing simulation tools thanks 
to its structural similarity with existing approximate models. 
Along with the well known direct absorptance ae, a new spectral 
quantity called direct absorptance moment fie emerges from 
the equations, which indicates where in the glass pane is the 
absorption of radiation actually taking place, and its value is easily 
computed out of the solution to the multiple reflections problem 
and the spectral properties of the glass pane material, just like the 
value of ae. Thus, the replacement of existing approximate models 
for the absorption-conduction problem by the one presented here 
is simple and straightforward. 
The paper is organized as follows. Section 2 presents the 
complete one-dimensional absorption-conduction heat transfer 
problem for a single glass pane, which is then solved analyti-
cally in Section 3 leading to a set of two algebraic equations. To 
better understand the resulting expressions, the limiting cases 
of weakly and strongly absorbing glass panes are analyzed in 
Section 4, while Sections 5 and 6 incorporate into the formula-
tion the effects of possible coatings applied to the surfaces of the 
glass pane and of non-normal incidence angles of the radiation, 
respectively. Next, a review of existing approximate models for the 
absorption-conduction problem is presented in Section 7, followed 
by a quantitative assessment of the accuracy of these approximate 
models in Section 8. Finally, the concluding remarks are presented 
in Section 9. 
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Fig. 1. Sketch of the absorption-conduction problem that arises from the interac-
tion of a glass pane of thickness A and thermal conductivity k with the incoming 
radiations io(X) and jo(X) from the exterior and interior of the building, respectively. 
2. Formulation of the thermal problem 
Consider the glass pane of thickness d and thermal conductiv-
ity k depicted in Fig. 1, which represents either a single glazing or 
a glass pane that is part of a more complex glazing configuration 
like a laminated glass pane, a double or triple glazing, etc. From 
the left side, the solar radiation i'o shines onto the glazing with 
a normal incidence angle and with a certain spectral distribution 
i'o(A), where k represents the radiation's wavelength. From the right 
side, another radiation jo with a different spectral distribution jo(A) 
shines also onto the glazing with a normal incidence angle, being 
its origin the radiation reflected from the interior of the building, 
the radiation emitted by interior light sources, etc. 
The interaction of the radiation with the glazing and its multi-
ple material interfaces leads to a multiple reflections problem that 
needs to be solved in order to determine the fractions of radia-
tion that are reflected, transmitted, and absorbed by the glazing. 
This is accomplished by using any of the methods belonging to 
the second group of main buildings blocks of energy models for 
glazings, like the ray tracing method [34,35], the matrix method 
[13,14], or the net energy balance method [20,36]. The outcome of 
any of these methods are the four functions A(k), B(k), C(k), and 
D(k) which relate the radiation inside the considered glass pane 
with the incoming radiations i'o(A) and jo(A) in the following way: 
iinCA.) =A(k)i0W + BWJoW 
jin(k) =C(k)i0W + D(k)JoW (1) 
The ray ijn(A) is the radiation encountered just at the right of the 
left boundary of the glass pane and which travels to the right. The 
rayJinM is the radiation encountered just at the left of the right 
boundary of the glass pane and which travels to the left. See Fig. 1 
for a graphical explanation of iin(A.) and jjn(A). 
The absorption by the glass pane of these right and left traveling 
radiations is given by Bouguer's Law [35]: 
fecufc A-) = a(X) [ i j n M e - ^ +jin(A-)e-aMd-*)] ( 2 ) 
where <Jrad,x(X A) is the energy per unit volume, unit time, and unit 
wavelength absorbed at the location x inside the glass pane and 
at the radiation wavelength k, and a(k) is the absorption coeffi-
cient of the material, which is a function of wavelength. In order 
to obtain the total amount of radiation energy <jrad(A) absorbed per 
unit volume and unit time at a given location x, the contribution 
from all wavelengths of the incoming radiation needs to be taken 
into account by integrating <Jrad,x(x> A) over the whole wavelength 
spectrum: 
<Jrad(*) : <7rad,l(x, A) dk (3) 
Next, the absorbed heat at each location x is diffused through 
thermal conduction across the glass pane. Since the thickness d is 
small compared to the typical size of the window, and the outer and 
inner conditions vary slowly in comparison to the thermal response 
time of the glass pane, the resulting absorption-conduction ther-
mal problem can be considered quasi-steady and one-dimensional, 
thus leading to the following simplified energy conservation equa-
tion: 
0: d_ 
dx 
klx) +<?rad(x) (4) 
Two boundary conditions are required to solve this second order 
differential equation. Depending on the position of the considered 
glass pane inside the glazing, these would be either the continuity 
of temperatures and heat fluxes with neighboring material lay-
ers or the heat fluxes imposed by the exposure of the glazing to 
the exterior and interior environments. From the point of view of 
the absorption-conduction problem itself, the actual nature of the 
boundary conditions is irrelevant, and the following general case 
will be considered here: 
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Since only two boundary conditions can actually be imposed, 
the other two quantities introduced in the above relations 
are in fact a result to be obtained from the solution to the 
absorption-conduction problem. 
3. Solution to the thermal problem 
When solving the above one-dimensional absorption-
conduction problem, it is important to bear in mind the final 
aim of the analysis: the determination of temperatures and heat 
fluxes at the surfaces of the glass pane. Therefore, it would be 
desirable to derive relations between the temperatures and heat 
fluxes at both sides of the glass pane without needing to look into 
the details of what is happening inside it. 
To accomplish this, Eq. (4) is integrated once, and the heat flux 
<ji is imposed at the left boundary of the glass pane, leading to 
dT 
-
kd^-q' <7rad(?)d? (6) 
Integrating again and imposing that the temperature at the left 
boundary is T\ leads to 
-kCT-TO-^x: 
o Jo 
<7rad(?)d£d?? (7) 
where it has been assumed that the thermal conductivity k is con-
stant across the glass pane. This assumption is reasonable since 
temperature variations across glass panes are usually small com-
pared to the temperatures themselves, and so are the possible 
variations of the thermal conductivity. 
Particularizing now Eqs. (6) and (7) atx = d and imposing there 
the heat flux q2 and temperature T2 leads to the desired relations 
between the temperatures and heat fluxes at both faces of the glass 
pane: 
<72-<7l= / / qmd^,k)dkd^ (8) 
Jo Jo 
fd fT] pCO 
-k(T2-h)-qid= / / / qr^,k)dkd^dn (9) 
Jo Jo Jo 
where the expression for the heat source term given in Eq. (3) 
has been substituted. In order to complete the solution to the 
one-dimensional absorption-conduction problem, the integrals on 
the right hand side of the equations need to be evaluated. 
3.1. Direct absorptances ae and a'e 
In order to evaluate the integrals on the right hand side of Eqs. 
(8) and (9) it is necessary to realize that the integration in the 
coordinate x and in the wavelength k can be interchanged as the 
integration limits are independent of each other. By taking Eq. (8), 
permuting both integrals, substituting Eq. (2) for the integrand, and 
carrying out the integration in the space coordinate, one obtains 
/•co fd 
Q2-Q1 = I I < J r a c u ( t . ^ ) d f d ; \ . 
(10) 
iin(k) / a(k)e-a^dldk 
+ / j'in(A0 / a(X)e-a<-»<-d-^dldk 
[ i inW+JinMHl-TlWldX 
where ti(k) = e~a<-l')d is the attenuation experienced by a ray of 
wavelength k crossing once the glass pane. Next, expressing the 
rays i[n(k) and jin(A.) in terms of the incoming radiations io(k) and 
jo(k) through Eq. (1) leads to 
/•CO 
<72-<7i = / [A(A.)f0(A.) + B(A.}/o(A.)][l-T1(A.)]dA. 
Jo 
/•CO 
+ / [C(kMU + D(kM*-W-TiM]dk (11) 
Jo 
[a(A.)i0(AO + a'(k)j0^)]dk 
where the spectral direct absorptances a(k) and a' (k) given by 
a(k) =[A(k) + C(k)][-[-r1(k)] 
a'(k) =[B(1) + DW][1-T,(X)] (12) 
have been introduced. These quantities, when multiplied by the 
spectral distributions of their respective incoming radiations, 
directly give the energy absorbed in the glass pane per unit time, 
unit glass surface, and unit wavelength. By defining now the direct 
absorptances ae and a'e as the wavelength averaged counterparts of 
the spectral direct absorptances: 
/ " a(k)i0(Vdk /°° a'(k)JoWdk 
ae = ^ = ; a' - JU J^io(k)dk 
and the total incoming radiations I'Q and jo as 
i o = / h(k)dk j0= / jo(A.)dA. 
/o Jo 
the final form of Eq. (8) is obtained: 
<72 - <7l = "elO + Ol'Jo 
(13) 
(14) 
(15) 
This equation, which is exact, represents the overall energy balance 
in the glass pane: the absorbed radiation energy per unit time and 
unit glass surface is in equilibrium with the difference in heat fluxes 
flowing through the left and right faces of the glass pane. 
This result coincides with the one found in the literature 
[19,20,22,26], since the non-uniform absorption of the incoming 
radiation does not play a role so far, and a global energy balance of 
the glass pane leads to the very same result. Additionally, the def-
initions given for the direct absorptances ae and a'e as well as for 
the incoming radiations I'Q and jo coincide with the ones found in 
the literature [15,20,22,26]. All this implies that the use of Eq. (15) 
and the computations of the direct absorptances ae and a'e follow-
ing Eqs. (12) and (13) pose no difficulties at all, as existing glazing 
simulation tools already use and compute them. 
3.2. Direct absorptance moments fie and fle 
The next step is to carry exactly the same steps as in the previous 
subsection, but starting from Eq. (9). Permuting the integral in the 
wavelength with the two spatial integrals, substituting then Eq. (2) 
for the integrand, and carrying out the two integrations in the space 
coordinate leads to 
-k(T2-T1)-q1d / / fed.x^d^dA. 
/o Jo Jo 
iinM / / a{k)e-<x^d^dridk 
/o Jo Jo 
pCO fd fT] 
+ / JinW / / a{k)e-a^d-^d^dr]dk 
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(16) 
where the definition of t\{k) has been used to substitute the 
appearance of a{k)d = - In {x\ {k)) in the last expression. Next, divid-
ing by the thickness d and substituting Eq. (1) for the right and left 
traveling rays i-m(k) and j-m(k) leads to: 
,(T2-Ti)-qi [Ai0(k) + Bj0(k)] 1 + 1 - T i 
[Ci0(k)+Dj0(k)] ?\ + 
ln(Ti) 
1 - T i 
ln(n) 
dk 
dk (17) 
[p{k)i0{k) + p<{k)j0{k)\dk 
where the wavelength dependencies of A(k), B{k), C(k), D(k), and 
t\ (k) have been omitted forthe sake of clarity. In the above expres-
sion the spectral direct absorptance moments fi(k) and fi' (k), given 
by 
p(k) = ^ l + [A(k)-C(k)] 
fi'(k)
 = ^ l + [B(k)-D(k)] 
1 + T 1 ( A 0 + 1 - T 1 ( X ) 
In(TiM) 
2 + ln(T!(X)) 
(18) 
Fig. 2. Graphical representation of the balance of heat flux moments with respect 
to the right face of the glass pane, in which the different contributions to the balance 
are shown. 
This equation, which again is exact, can be interpreted as a bal-
ance ofheat flux moments with respect to the right face of the glass 
pane, where the direct absorptance moments fie and fi'e represent, 
in a non-dimensional way, the moment generated by the radiation 
absorption distribution with respect to the right face of the glass 
pane. 
To better understand the above equation and the meaning of the 
direct absorptance moments, recast Eq. (20) as follows: 
0: 
T T 
-k 1 , 2d + qxd + /3ei0d + fj'ej0d (21) 
and assume, for the sake of clarity, that j 0 = 0. Fig. 2 shows a graph-
ical representation of the resulting balance of heat flux moments. 
The radiation absorption that takes place across the whole glass 
pane leads to a resultant absorption that is equal to aei0, and whose 
application point is located at a distance I, unknown at this point, 
from the right face of the glass pane. The resulting heat flux moment 
with respect to the right face is then aeio£, which is equivalent to 
the heat flux moment obtained by means of the direct absorptance 
moment fie. Thus, aeio I = fiehd, an equality that allows to deter-
mine, if necessary, the application point of the resultant absorption. 
The remaining heat fluxes in the problem also contribute to the bal-
ance of heat flux moments with respect to the right face of the glass 
pane, as shown in Fig. 2. 
Although the defined direct absorptance moments fie and fi'e 
are completely new, their computation by simulation tools like 
WINDOW [23], VISION [24], or EnergyPIus [6] does not pose any 
particular difficulties, as the same results from the multiple reflec-
tions problem (the functions A(k), B(k), C(k), and D(k)) and the 
same glazing material properties (the absorption coefficient a(k)) 
are used as for the computation of the direct absorptances ae and 
a'e. Additionally, Eq. (20) is very similar to the equation imposed 
nowadays, as will be seen in Section 7, which again eases its imple-
mentation and use by existing glazing simulation tools. 
have been introduced. These quantities, when multiplied by the 
spectral distributions of their respective incoming radiations, 
directly give the moment of the energy absorbed in the glass pane 
per unit time, unit glass surface, and unit wavelength with respect 
to the right face of the glass pane. By defining now the direct absorp-
tance moments fie and fi'e as the wavelength averaged counterparts 
of the spectral direct absorptances moments: 
fie = J°
 rco & ~ J° J^io(k)dk J^hWdk 
the final form of Eq. (9) is obtained: 
--r(T2 -T\)-q\= Pdo + P'eh (20) 
4. Two limiting cases 
To better show the connection between the direct absorp-
tance moments fie and fi'e and the spatial distribution of radiation 
absorption, the present section considers two limiting cases 
which are very enlightening and which are also relevant for 
practical applications and existing approximate models for the 
absorption-conduction problem. 
(19) 4.1. The weakly absorbing limit 
When the considered glass pane is very thin, or when the 
absorption coefficient a{k) of the material is very small, the radia-
tion crossing the glass pane is only weakly attenuated, so that t\ is 
very close to unity, or alternatively: 1 - 1 \ < 1. In this limiting case, 
the expressions for the spectral direct absorptance moments given 
in Eq. (18) can be simplified as follows: 
PM- a{k) 
~2~ fi'(k) : 
a'{k) (22) 
Analogous relations hold between the direct absorptance moments 
and the direct absorptances: 
fie T fie T (23) 
To help interpret this result, consider the expression of Bouguer's 
Law given in Eq. (2). In the present limit of weakly absorbing glass 
panes this expression simplifies to 
<7ra<u(x, V ^ a(k) [i[n(k) +jin(k)] (24) 
It can be seen that in this case the energy absorption per unit time, 
unit volume, and unit wavelength no longer depends on the spatial 
coordinate x, and is therefore uniform throughout the glass pane. In 
that case, its moment with respect to the right face of the glass pane 
is equal to the total absorption times the lever arm of its centroid, 
which is the half-width of the glass pane. This is exactly what is 
expressed in Eq. (23), but in non-dimensional form. 
4.2. The strongly absorbing limit 
Consider now the case of a strongly absorbing glass pane, either 
because it is very thick or because its absorption coefficient a(k) is 
very large. Since the radiation crossing the glass pane is strongly 
attenuated, t\ < 1 . Additionally, no multiple reflections occur in 
this case, and the right traveling radiation iin is solely due to i'o and 
the left traveling radiation j i n is solely due to jo. Hence, B(k) ~ 0 and 
C(A.)~0. Taking into account both facts, the expressions given in 
Eq. (18) forthe spectral direct absorptance moments are simplified 
as follows: 
ftk) 
p'(k) 
a(k) A(k) 
2 2 
a'(k) D(k) 
2 
(25) 
Comparing these expressions with those given in Eq. (12) for the 
spectral direct absorptances leads to: 
fi(k) = a(k) fi'(k) = 0 (26) 
and again the same relations hold between the direct absorptance 
moments and the direct absorptances: 
fie fi'e = 0 (27) 
This result indicates that the total absorption of the incoming radi-
ation is taking place very close to the faces of the glass pane. In 
the case of the radiation i0 incident from the left, the absorptance 
moment with respect to the right face of the glass pane is maxi-
mum, since the lever arm is equal to the total thickness of the glass 
pane. For the radiation j0 incident from the right the absorptance 
moment with respect to the right face of the glass pane is zero, since 
the lever arm is in that case zero. 
4.3. The general case 
In the general case, the absorption of radiation takes place in 
a non-uniform and non-localized manner across the whole glass 
pane's thickness, as represented in Fig. 2. In this case, the val-
ues attained by the direct absorptance moments fie and j5'e are in 
between the values attained in the two limiting cases presented 
above: 
T <fie 0<fi'e< (28) 
This can be verified with the results presented in Section 8 for 
the overall spectral and thermal response of a single glass pane 
of different glass types and thicknesses. 
5. Extension to coated glass panes 
The results of the previous sections are only valid for uncoated 
glass panes. However, the use of coatings to modify the spectral 
characteristics of glass panes, and with it of more complex glazings, 
is growing rapidly, and their influence on the thermal behavior of 
glass panes is important due to their localized absorption of radia-
tion. 
In this section, the above formulation is extended to take into 
account the effects of applied coatings in an exact way. Consider 
the most general case shown in Fig. 3, where a single glass pane has 
coatings applied on its two surfaces. The depicted coated glass rep-
resents either a single glazing or a glass pane that is part of a more 
complex glazing configuration. Since the thickness of the applied 
coatings is much smaller than the thickness of the glass pane, their 
presence is modeled as complex air-glass interfaces which absorb 
radiation and whose temperatures are constant. Thus, it is now nec-
essary to distinguish between the heat fluxes at the left and at the 
right of the surfaces of the glass pane, as indicated in the figure. 
The fraction of radiation absorbed at each of the coatings is 
obtained from the solution of the multiple reflections problem, now 
including the spectral effects of the coatings, by using any of the 
methods that belong to the second group of main buildings blocks 
of energy models for glazings [13,15,34]. Once the spectral direct 
absorptances at the coatings are known, direct absorptances are 
obtained by evaluating integrals analogous to those given in Eq. 
(13). 
The described steps to obtain the direct absorptances at the 
coatings are already done by existing glazing simulation tools like 
WINDOW [23] or VISION [24], thus no new difficulties are intro-
duced at this point with respect to what exists nowadays. 
Once the radiation absorption at each of the coatings is known, 
use of the energy conservation equation in integral form applied at 
each of the surfaces of the glass pane is made. This leads to the fol-
lowing interface energy balances, which express that the absorbed 
radiation energies per unit time and unit glass surface are in equi-
librium with the differences in heat fluxes flowing through the left 
and the right faces of the interfaces: 
<Ji+-<Ji- = «ciio + a'cl]o 
<72+ - <72- = oic2io + a'c2j0 
(29) 
where ac\, a'c\, aC2, and a'C2 are the direct absorptances of the coat-
ings obtained from the steps described in the previous paragraphs. 
Jo 
92+ 
Fig. 3. Sketch of the thermal problem that arises from the interaction of the incom-
ing radiations i0 and j 0 with a glass pane of thickness A and thermal conductivity k 
with coatings applied on its two surfaces. 
Once the equations for the complex interfaces are derived, the 
thermal behavior of the glass pane itself is described by Eqs. (15) 
and (20), which represent now relations between the heat fluxes 
<ji+ and q2- and the surface temperatures T\ and T2: 
(J2--91+ = 0>eio + 0>'ejo 
k (30) 
--^(T2-Ti)-qi+ =Pel0 + P'eJ0 
Substituting Eq. (29) into Eq. (30) and noting that q\- = q\ and 
q2+ = q2, the following set of equations is obtained for the thermal 
behavior of coated single glass panes: 
<72 - <7l = aeql'o + «eqJO (31) 
~ d^2 ~T^~qi= ^e<510 + P'eqJ0 (32) 
where equivalent direct absorptances and absorptance moments have 
been defined as follows: 
aeq =ae + ac\ + ac2 a'eq = a'e + a'cl + a'c2 
fieq = / 3 e + «c l fi'eq = fie + < i 
The derived equations for the thermal behavior of coated glass 
panes are thus analogous to the ones derived for uncoated glass 
panes except that alternative magnitudes for the direct absorp-
tances and absorptance moments are used. This is very convenient, 
since expressions for more complex glazings can be derived with-
out needing to worry about the presence or not of applied coatings. 
Two aspects from the defined equivalent absorptances and 
absorptance moments shall be highlighted. First, the radiation 
energy absorbed at both coatings is accounted for in the equivalent 
direct absorptance of the coated glass pane. This is not surprising, 
since now the global energy balance also includes the coatings as a 
result of substituting the interface energy balances into the global 
energy balance of the glass pane alone. Second, only the absorption 
that takes place at the left coating contributes to the equivalent 
direct absorptance moments, since the lever arm of the right coat-
ing with respect to the right face of the glass pane is zero. On the 
contrary, the contribution of the left coating is maximum since its 
lever arm with respect to the right face of the glass pane is equal to 
the full glass pane thickness. The latter aspect regarding the equiva-
lent direct absorptance moments is consistent with the theoretical 
results obtained in Section 4 for the strongly absorbing limit, where 
all the radiation is absorbed close to the glass pane surfaces, and 
therefore can be regarded as the localized absorption associated to 
the presence of coatings. 
6. Extension to non-normal incidence angles 
In previous sections the assumption that the incoming radiation 
shines normal to the glazing has been made. However, real world 
applications of glazings in buildings involve incidence angles which 
depart significantly from that. As shown by Platzer [37], not tak-
ing into account this fact when solving the spectral and thermal 
problem of the glass pane overpredicts the cooling needs by up to 
100% and underpredicts the heating needs by up to 30%. These error 
levels are obviously not acceptable when studying instantaneous 
or annual energy consumptions of individual glazings [4,5] or of 
whole buildings [6], requiring thus the inclusion of the non-normal 
incidence angle effects into the thermal models to develop. 
In this aspect, the analytical solution to the one-dimensional 
absorption-conduction problem derived in the present work also 
applies to the case of non-normal incidence angles, and in fact 
allows an exact treatment of the resulting effects. The following 
three remarks need to be taken into account for that. 
First, when analyzing the interaction of the incoming radiation 
with the glazing by means of any of the methods belonging to the 
second group of main buildings blocks of energy models for glaz-
ings, it is necessary to take into account the optical effects that 
appear due to the non-normal incidence, like the refraction of radia-
tion or the polarization of the incoming radiation [ 15]. The outcome 
of these methods will still be the four functions A, B, C, and D of 
Eq. (1), except that they will now also depend on the incidence 
angle 9. 
Second, when determining the absorption by the glass pane of 
the right and left traveling radiations by means of Bouguers's Law, 
Eq. (2), the effective absorption coefficient ae!!(k, 9) = a{k)jcos9r{k) 
must be used instead, where 9r{k) is the refraction angle of the 
incoming radiation inside the considered glass pane, given by 
Snell's Law [35], and which depends on k due to the wavelength 
dependence of the optical properties of the material. 
And third, the projection of the incoming radiation onto the nor-
mal to the glazing needs to be performed in order to obtain the 
absorption of radiation per unit area of glazing, which is what is 
required in the energy conservation equation given in Eq. (4). 
All the remaining equations and expressions remain the same, 
except that the above mentioned remarks need to be taken into 
account. For instance, the direct absorptances ae and ae and the 
direct absorptances moments fie and fie will be defined by the very 
same equations but will depend now on the incidence angles of 
the incoming radiations. And the resulting global relations, which 
represent the exact solution to the absorption-conduction problem 
inside the glass pane, will be given by: 
<?2 - <7i = aeq(9i)cos9fi0 + a'eq(9j)cos9jj0 
~~dF~2 ~T^~qi = MeA COsfy'o + fi'eq{9j) cos9jj0 
where 0,- and 9j are, respectively, the incidence angles of i0 and j 0 . 
7. Existing approximate thermal models 
The derived expressions given in Eqs. (31) and (32) repre-
sent exact relations between the heat fluxes and temperatures at 
both sides of the glass pane, which correctly take into account 
the multiple reflections phenomenon, the spectral distribution of 
the incoming radiation, the spectral dependence of the absorp-
tion coefficient a(k) of the material, the non-uniform absorption 
of the incoming radiation, the diffusion of heat by conduction 
across the glass pane, and the presence of possible coatings. In 
the present Section, the existing approximate models for the 
absorption-conduction problem are reviewed, and their merits and 
limitations shown. 
Different approaches can be found in the literature to model or 
approximate the absorption-conduction problem inside the glass 
pane. The most extended ones employ the global energy balance 
derived in Eq. (31), but substitute the heat flux moment balance 
given in Eq. (32) by an alternative relation. For example, the con-
stant temperature approximation [21,22,34], which neglects the 
thermal conduction problem inside the glass pane, implicitly uses 
the condition T\ = T2 instead. And the uniform absorption approxi-
mation [6,20,23,24,26,27], which neglects the non-uniform nature 
of the radiation absorption process, uses the following equation 
instead: 
~iT2-T,)-q,=^io + ^Jo 05) 
which coincides with the results presented in Section 4 for the 
weakly absorbing limit. The latter approximation is nowadays the 
most extended one and is employed by most of the simulation tools 
in use [6,23,24]. Its replacement by the proposed model is straight-
forward thanks to the high degree of similarity that exists between 
Eqs. (35) and (32). 
In recent years more advanced models have been developed 
which take into account the non-uniform absorption of the incom-
ing radiation. All of them are based on the direct solution of the 
energy conservation equation given in Eq. (4). However, most of 
them make important simplifications in how the incoming radia-
tion is absorbed by the glass pane. 
Almost all of the reviewed models neglect, completely or in 
part, the spectral dependence of the absorption coefficient a(k) of 
the material as well as the spectral distributions of the incoming 
radiations i0(A.) andj0(A.) [1-3,18,28-33]. These are important sim-
plifications taking into account that the absorption coefficient a(k) 
of glass typically varies two orders of magnitude over the wave-
length range of the solar spectrum, and that the solar radiation is 
also not constant over that wavelength range. 
Another common simplification is to neglect, completely or in 
part, the multiple reflections phenomenon that arises due to the 
presence of multiple material interfaces [1 -3,28-33]. This is also an 
important source of errors since the multiple reflections typically 
increase by 3-4% the amount of radiation absorbed by a single glass 
pane. 
Only Rosenfeld [16] solves the complete one-dimensional 
absorption-conduction problem including all the relevant physical 
phenomena. In his derivation, a new parameter y is intro-
duced which represents the normalized average thermal resistance 
between the outer surface of the glass pane and the locations 
inside the glass pane where the radiation is absorbed, weighted 
by the amount of radiation absorbed at each location. However, 
his approach focuses only on the determination of the so-called 
secondary heat transfer factor towards the inside <j,- [21,22]. This 
makes it difficult to extend his results for inclusion in advanced 
glazing simulation tools like WINDOW [23] or VISION [24], or in 
future revisions of the advanced international standard ISO 15099 
[20], where global relations between surface temperatures and heat 
fluxes are required. 
In contrast, the approach followed in the present work directly 
leads to the global relations required by these simulation tools and 
standards, namely Eqs. (31) and (32). Additionally, the parameter 
y can be obtained in terms of the direct absorptance moment fie by 
comparing the results given by the two approaches for the thermal 
response of a single glass pane: 
y = \ fie (36) 
showing that both approaches are indeed equivalent, although they 
express the solution in different ways. 
8. Comparison with existing thermal models 
To have the exact analytical solution to a physical problem, like 
it happens in the present case, allows the precise assessment of the 
accuracy of existing approximate thermal models. This is done in 
the present Section by performing a numerical comparison of the 
two most extended approximate models, the constant temperature 
and the uniform absorption models, with the derived analytical 
solution. The problem of the single glass pane shown in Fig. 4 is 
used for the comparison, for which its overall spectral and thermal 
response is obtained using the two approximate thermal models 
and the analytical solution. 
Since the aim of the present Section is to quantify the errors 
introduced by existing approximate thermal models for the 
absorption-conduction problem, and not the computation of real 
world performance indexes of single glazings, simple models will 
be used for the remaining three main buildings blocks that com-
prise the complete energy model for the single glazing. 
First, the exterior and interior conditions are modeled as fol-
lows. The spectral distribution i'o(A.) of the incoming radiation from 
*o(A) 
Fig. 4. Spectral and thermal problem of a single glazing of thickness d and thermal 
conductivity k exposed to the incoming radiation from the left i0(A.) and exposed to 
the exterior and interior environments at temperatures Text and Tint, respectively. 
outside the building is taken to be the hemispherical solar spectral 
irradiance defined in the international standard ISO 9845-1 [38], 
and its incidence angle is considered to be normal to the glazing in 
compliance with the standard reference conditions specified in the 
actual standards in force [21,22]. On the other side, the radiation 
shining from inside the building is considered to be zero: jo = 0. 
Second, the interaction of the incoming radiation and the single 
glass pane, with the resulting multiple reflections problem to solve, 
is addressed by using the ray tracing method proposed by Rubin in 
[15]. The spectral properties of the glass pane material required 
by the chosen method are the ones presented by Rubin in [39]. 
Known the functions A(k), B(k), C(k), and D(k), the spectral direct 
absorptance a(k) and spectral direct absorptance moment fi{k) are 
obtained from Eqs. (12) and (18), respectively, while their overall 
counterparts ae and fie are obtained by evaluating numerically the 
integrals present in Eqs. (13) and (19). 
Finally, the heat transfer between the glass pane surfaces and 
the exterior and interior environments through natural/forced con-
vection and thermal radiation is modeled using Newton's Law of 
Cooling and the constant heat transfer coefficients specified in the 
actual standards in force [40,41], namely ftext = 23 W/(m2 K) and 
liint = 8W/(m2 K). Although this a very rude approximation to the 
ongoing non-linear physical processes, it is important to remem-
ber that the aim of the analysis is not the computation of real 
world performance indexes of single glazings, but the quantifi-
cation of the errors associated with the different models for the 
absorption-conduction problem inside the glass pane. 
For real world applications, better models for the convective 
and radiative heat transfer processes are required. Then, the heat 
transfer coefficients ftext and hint will depend, in non-linear ways, 
on the glass surface temperatures as well as on the exterior and 
interior conditions, and therefore will no longer be constant. See for 
example the models used in ISO 15099 [20] or EnergyPlus [6], where 
experimental correlations for the heat exchange through natural 
and forced convection are used, and the heat exchange through 
thermal radiation is treated in a detailed way. 
With all the above indications, the following system of four alge-
braic equations has to be solved: 
92 -<Ji 
> -
91 
92 
-h)-
- 9 l 
= aei0 
= fieh 
= hext{Text 
= hint(T2 -
(37) 
Tint) 
where the first two are the solution to the absorption-conduction 
problem inside the glass pane derived in the present work and the 
last two are the heat transfer models between the glazing and the 
exterior and interior environments, which are at the temperatures 
Text and Tint, respectively. In the present analysis, where constant 
values for the heat transfer coefficients are assumed, the above 
system of equations is linear and can be solved analytically. 
However, for real world applications, it has to be solved iteratively 
and numerically due to the temperature dependence of the heat 
transfer coefficients. 
Independently of the complexity of the model for the heat trans-
fer coefficients, the above system of equations can always be solved 
formally for the thermal heat flux towards the interior of the build-
ing, which coincides with q2 for the case of a single glazing. The 
resulting expression can be written as follows: 
<72 = U(Text-r int) + <7,-io (38) 
where U is the so-called thermal transmittance of the glazing [40] 
and <j,- is the so-called secondary heat transfer factor of the glazing 
towards the inside [21], both given, for the case of a single glass 
pane, by: 
U 1 d 1 
frext k h 
• 1 d 
.frext k 
int 
ae -
(39) 
1 d 
frext k h 
The non-uniform absorption effects show up in two different ways. 
First, directly through the direct absorptance moment fie that 
appears in the secondary heat transfer factor qt. Second, indirectly 
through the heat transfer coefficients frext and hint, but only when 
these depend on the surface temperatures of the glass pane and the 
problem needs to be solved iteratively. Although both ways could 
in principle be equally important, numerical sensitivity studies and 
the conclusions by Wright in [25] clearly indicate that the indirect 
effect is significantly less important than the direct effect. 
It is of interest to compare the derived expression for qt with the 
ones obtained from the constant temperature and uniform absorp-
tion approximations. The first one is obtained by letting kjd-^ oo, 
which is equivalent to neglecting the thermal conduction problem 
inside the glass pane, and the second one by setting J5e = aej2, as 
inferred from comparing Eq. (35) with Eq. (32): 
Qu 
^tunif : 
[ T ^ K 
Uext 2 fej 
1 
frext + T + -
(40) 
(41) 
In both cases, the errors introduced into the numerator of qt are of 
order djk, which is small compared to l/frext as long as the glass 
panes are sufficiently thin. In order to quantify these errors, a set 
of test cases is defined, which includes three different glass types 
(low-iron glass, standard glass, and green mass-colored glass) and 
three different glass pane thicknesses (4,8, and 12 mm). This selec-
tion of glass types and thicknesses covers the most common range 
of glass panes employed in single glazings as well as more complex 
glazing configurations, being the low-iron glass a very low absorb-
ing one while the green mass-colored glass a strongly absorbing 
one. The spectral properties of the different glass types are taken 
from Rubin [39], while the thermal conductivity of all of them is 
taken to be k = 1 W/(m2 K) in compliance with the standard refer-
ence conditions defined in EN 673 [40] and ISO 101292 [41]. 
8.2. Uncoated single glass panes 
The resulting values for the direct absorptance ae, the direct 
absorptance moment fie, and the secondary heat transfer factor 
towards the inside qt are given in Table 1 for the case of uncoated 
single glass panes. As expected, all three values increase with 
increasing glass pane thicknesses and absorption coefficients of the 
material. Also shown in Table 1 are the errors associated to the 
constant temperature approximation and the uniform absorption 
approximation, which are defined as follows: 
-Qi 
cunif : 
Qi,unif Qi 
Qi 
(42) 
For both approximations, the errors increase with increasing 
thickness of the glass pane. However, while the uniform absorption 
approximation presents growing errors with increasing values of 
the absorption coefficient of the material, the constant temperature 
approximation evolves in the opposite direction. The reason is that 
increasing values of the absorption coefficient lead to larger values 
of fie, as shown in the analysis of the strongly absorbing limit. This 
makes the numerator of Eq. (40) more and more accurate. On the 
contrary, the numerator of Eq. (41) departs more and more from 
the exact solution given by Eq. (39). 
Comparing now the approximations among themselves, the 
uniform absorption approximation clearly leads to more accurate 
results, with errors which in most cases are an order of magnitude 
lower than the ones given by the constant temperature approxima-
tion. However, for thick and mass-colored single glass panes both 
approximations perform equal because of the described opposite 
tendencies of the errors with increasing absorption coefficients of 
the material. For thin low-iron glass panes, the uniform absorp-
tion approximation leads to errors of about 0.1%, while for thick 
mass-colored glass panes the errors reach 3.5%. This result is in 
accordance with the conclusions drawn in Section 4, where the uni-
form absorption approximation naturally emerges from the limit of 
weakly absorbing glass panes, and is therefore more accurate for 
those types of glass panes. 
Worth to mention is that the constant temperature approxima-
tion always underpredicts the value of the secondary heat transfer 
factor <j,-, while the uniform absorption approximation always over-
predicts it. This is a direct consequence of the fact that aej2 <fie<ae, 
as pointed out in Section 4. Hence, the numerator of the exact 
expression for qt given in Eq. (39) always lies in between the val-
ues of the numerators of the expressions given in Eqs. (40) and (41). 
Therefore, the results given by the two approximations can be used 
as lower and upper bounds for the exact solution. 
Of interest for the thermal analysis of buildings is also the total 
heat flux q that crosses the glazing and which also includes the 
fraction of solar radiation directly transmitted through the glazing. 
To obtain the transmitted fraction, first the spectral direct trans-
mittance x{k) of the glazing is obtained from the solution of the 
multiple reflections problem, and then its overall counterpart xe is 
computed through integrals analogous to those given in Eq. (13). 
Then: 
q = q2+ teh = U(TeM - Tint) + gi0 (43) 
where g=xe+qi is the so-called solar factor of the glazing [21]. 
Table 1 presents values for the direct transmittance xe and the solar 
factor g of the different considered single glass panes. The same 
comments made before for the secondary heat transfer factor <j,- are 
also applicable to the solar factor g, except that the errors are now 
lower. This is because the direct transmittance xe weights more 
than <j,- in the solar factor and its value is independent of the model 
used for the absorption-conduction problem inside the glass pane. 
For thin low-iron glass panes, the uniform absorption approxima-
tion leads to errors in the solar factor which are negligible, while for 
thick mass-colored glass panes the errors reach 1.2%, an acceptable 
error level for many practical applications. 
Table 1 
Direct absorptance ae, direct absorptance moment f)e, secondary heat transfer factor towards the inside q(, errors introduced by the constant temperature approximation£cons 
and uniform absorption approximation £unif when computing q(, direct transmittance re, solar factor g, and errors introduced by the constant temperature approximation 
Earns and uniform absorption approximation £unif when computing g, for three different glass types and three different glass pane thicknesses d. 
Low-iron glass 
Standard glass 
Green glass 
d 
4 mm 
8 mm 
12 mm 
4 mm 
8 mm 
12 mm 
4 mm 
8 mm 
12 mm 
ae 
0.027 
0.051 
0.075 
0.105 
0.190 
0.261 
0.341 
0.518 
0.623 
Pe 
0.014 
0.026 
0.039 
0.054 
0.101 
0.142 
0.190 
0.311 
0.397 
* 
0.007 
0.014 
0.020 
0.028 
0.051 
0.071 
0.089 
0.137 
0.165 
^cons 
-20.7%o 
-39.0%c 
-55.4%c 
-19.7&, 
-35.7%c 
-48.6%c 
-16.3%„ 
-24.2%c 
-26.1&, 
*-unif 
0.6%o 
1.9%o 
3.5%o 
1.6%o 
5.3%o 
10.7&, 
5.1%o 
17.3%o 
34.6%o 
re 
0.894 
0.871 
0.849 
0.821 
0.741 
0.674 
0.598 
0.428 
0.326 
g 
0.901 
0.885 
0.869 
0.849 
0.792 
0.744 
0.688 
0.565 
0.492 
^cons 
-0.16%o 
-0.61&, 
-1.30&, 
-0.64%o 
-2.29%o 
-4.63%o 
-2.12&, 
-5.86%c 
-8.78%o 
*-unif 
< 0.01%o 
0.03%o 
0.08%o 
0.05%o 
0.34%o 
1.02%o 
0.66%o 
4.20%o 
11.61&, 
8.2. Coated single glass panes 
The expressions obtained in the preceding subsection are 
directly applicable to the analysis of coated single glass panes by 
just employing the equivalent direct absorptance aeq and equiva-
lent direct absorptance moment fieq defined in Eq. (33). 
To compute these quantities, the direct absorptances at the coat-
ings need to be obtained first, namely ac\ if the coating is applied 
on the left face of the glass pane and acj if it is applied on the right 
face. As already explained in Section 5, the direct absorptances of 
the coatings are obtained from the solution of the multiple reflec-
tions problem and the computation of integrals analogous to those 
given in Eq. (13). The spectral properties of the coatings, required 
for the solution of the multiple reflections problem, are obtained 
from solving the inverse problem defined in Appendix A.2.1 of the 
actual standards EN 410 [21 ] and ISO 9050 [22].The required exper-
imental measurements are performed with a Perkin-Elmer Lambda 
950 spectrophotometer. 
Two different coatings are considered in the present work, 
both from the glass manufacturer Guardian Industries: a weakly 
absorbing one (Guardian SunGuard E-Performance) and a strongly 
absorbing one (Guardian SunGuard Solar Silver 20). Both coatings 
are going to be applied on a 6 mm thick low-iron glass pane, so 
that the effects of the localized absorption due to the coatings are 
better highlighted. Although the Guardian E-Performance coating 
has also a low emissivity, this fact is not taken into account in 
the present analysis so that both coatings are compared under the 
same conditions. This means that the values of hext and hint remain 
unchanged. 
Table 2 shows the computed values for the two considered coat-
ings. The position of the coating on the glass pane is indicated in 
the table by a vertical bar |, so that both possibilities are studied: 
applied on the left face of the glass pane and on the right face of 
the glass pane. The case without applied coatings is also included 
in the table for comparison purposes. 
The first thing to note is that none of the two approximations 
excels with respect to the other in terms of errors, being some-
times the constant temperature approximation the better one and 
sometimes the uniform absorption approximation the better one. 
The second thing to note is that errors are much higher when 
coatings are present, reaching almost 8.5% for the secondary heat 
transfer factor towards the inside <j,- and 4% for the solar factor g. 
This is caused by the strongly localized nature of the absorption 
at the coating, and less by the amount of absorbed radiation. This 
is confirmed by the results shown in the table, where both types 
of coatings present similar errors for <j,-, but have very different 
equivalent direct absorptances aeq. 
However, things start to differ when looking at the solar fac-
tor g, where computations done with the low absorbing Guardian 
E-Performance coating present errors five times lower than those 
done with the more absorbing Guardian Silver 20. The reason is that 
the magnitudes of <j,- are very different among the two coatings, and 
so their relevance in the solar factor. 
Another interesting outcome is the significant differences in 
terms of results that are observed between the two possible posi-
tions of the coating. Two reasons exist for that. The first one is that 
coatings do not behave in the same way for radiation incoming from 
the air side than for radiation incoming from the glass substrate 
side, leading to different values for the equivalent direct absorp-
tance aeq. The second reason is that the position of the coating 
significantly changes the value of the equivalent direct absorptance 
moment fieq. In fact, if a perfect non-absorbing glass is considered, 
a(k) = 0, then: 
Coating on the left face: aeq = aci, /Seq = ac l 
Coating on the right face: aeq = aC2, /3eq = 0 
*eq 
These limiting cases closely resemble the results shown in 
Table 2, which are computed using a low absorbing low-iron glass, 
and the theoretical results obtained in Section 4 for the strongly 
absorbing limit, where all the radiation is absorbed close to the 
glass pane surfaces. The final effect on the secondary heat transfer 
factor <j,-, however, is lower than on fieq since the equivalent direct 
absorptance moment is multiplied by djk, which for thin glass panes 
is small compared to 1/hext-
Table 2 
Equivalent direct absorptance aeq, equivalent direct absorptance moment f)eq, secondary heat transfer factor towards the inside qt, errors introduced by the constant 
temperature approximation £cons and uniform absorption approximation £unif when computing q(, direct transmittance re, solar factor g, and errors introduced by the 
constant temperature approximation £cons and uniform absorption approximation £unif when computing g, for two different coatings applied on a 6 mm thick low-iron single 
glass pane. The position of the coating on the glass pane is indicated by a vertical bar |. 
Guardian E-Performance 
Guardian Silver 20 
d 
6mm 
|6mm 
6|mm 
6mm 
|6mm 
6|mm 
deq 
0.039 
0.152 
0.184 
0.039 
0.494 
0.533 
ft, 
0.020 
0.146 
0.028 
0.020 
0.491 
0.025 
* 
0.010 
0.038 
0.051 
0.010 
0.123 
0.150 
^cons 
-30.1%o 
29.5%o 
-73.0%c 
-30.1&, 
34.7%o 
-84.8%c 
f-unif 
1.2%o 
62.7%o 
-43.1&, 
1.2%o 
68.0%o 
-55.3%c 
re 
0.882 
0.460 
0.460 
0.882 
0.167 
0.167 
g 
0.892 
0.498 
0.511 
0.892 
0.290 
0.317 
^cons 
-0.4%o 
2.3%o 
-73%c 
-0.4&, 
14.7&, 
-40.2%„ 
f-unif 
< 0.1 %o 
4.8%o 
-4.3%c 
< 0.1 %o 
28.9%o 
-26.2%c 
In summary, if for uncoated single glass panes the existing 
approximate models for the absorption-conduction problem work 
sufficiently good for most practical applications, the higher errors 
encountered for coated single glass panes, especially for highly 
absorbing ones, not always render them as suitable. Thus, more 
accurate models for the absorption-conduction problem like the 
one proposed in the present work are convenient, especially when 
taking into account its low additional complexity and extremely 
similar structure when compared to the existing approximate ones, 
which eases its adoption and implementation into existing glazing 
simulation tools and standards. 
9. Conclusions 
In the present work the analytical solution to the one-
dimensional absorption-conduction problem that arises inside 
single glass panes exposed to solar radiation is presented. The 
derived solution correctly takes into account all the relevant phys-
ical phenomena that play a role in the absorption of solar radiation 
by glass panes, namely the multiple reflections caused by the pres-
ence of more than one material interface, the spectral distribution 
of the incoming radiations, the spectral dependence of the opti-
cal properties of the materials, the presence of possible coatings, 
and the fact that the radiation is non-uniformly absorbed inside 
materials. 
The obtained exact solution is comprised by two algebraic equa-
tions which relate the temperatures and heat fluxes at the faces 
of the glass pane with the absorbed radiation. Additionally to the 
well established and known direct absorptances ae and a'e, the 
derived equations introduce new spectral quantities called direct 
absorptance moments fie and j5'e, and which indicate where in the 
glass pane is the absorption of radiation actually taking place. The 
derived equations are very similar to those of existing approximate 
thermal models, making it straightforward to substitute the latter 
ones by the former ones in existing simulation tools like WINDOW 
[23], VISION [24], or EnergyPlus [6], or in future revisions of the 
advanced international standard ISO 15099 [20]. 
The derived analytical solution is then used to assess the 
accuracy of two well-established approximate models for the 
absorption-conduction problem inside a glass pane, namely the 
constant temperature model and the uniform absorption model. 
The latter one, which is by far the most extended one, performs very 
good for uncoated single glazings, with error levels of almost 3.5% 
for the secondary heat transfer factor and of 1.2% for the solar fac-
tor. However, in the presence of coatings, the error levels increase, 
reaching almost 7% for the secondary heat transfer factor and 3% 
for the solar factor. 
Although these error levels may be acceptable for many prac-
tical applications, the easiness of replacing in glazing simulation 
tools the existing thermal models by Eqs. (31) and (32), and the 
fact that these equations represent the exact analytical solution to 
the absorption-conduction problem inside the glass pane, clearly 
advocates for their adoption. 
Extension of the analysis presented above for the derivation of 
exact solutions in more complex glazing configurations, such as 
laminated glass panes or multiple glazings, is to be considered in 
future work. As in the present contribution, a consistent and simple 
formulation of the resulting equations should be sought, enabling a 
clear and correct physical interpretation of the outcoming results. 
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